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Abstract
We study the gauge dependence of the effective average action Γk and
Newtonian gravitational constant using the RG equation for Γk. Then
we truncate the space of action functionals to get a solution of this equa-
tion. We solve the truncated evolution equation for the Einstein gravity
in the De Sitter background for a general gauge parameter α and obtain
a system of equations for the cosmological and the Newtonian constants.
Analysing the running of the gravitational constant we find that the New-
tonian constant depends strongly on the gauge parameter. This leads to
the appearance of antiscreening and screening behaviour of the quantum
gravity. The resolution of the gauge dependence problem is suggested. For
physical gauges like the Landau-De Witt gauge the Newtonian constant
shows an antiscreening.
1 Introduction
Despite many efforts during the last decades a consistent theory of quantum grav-
ity (QG) is still lacking. The standard Einstein gravity is known to be non-
renormalizable. But also renormalizable models like R2-gravity (see [1] for a re-
view) have other serious problems instead of this (e. g. presumably non-unitarity
of the S-matrix).
In such circumstances it is quite reasonable to consider some of the known
pre-QG theories as effective models which appear from fundamental theories and
which are valid below a definite scale only (e. g. Planck mass). In such a spirit
one can introduce models to describe QG in the far infrared (at large distances)
[2, 3, 4], new models of four-dimensional QG like dilatonic QG [4] and so on.
For example, taking account of IR effects in QG with cosmological constant an
effective model for the conformal factor [2] has been constructed. Due to strong
renormalization effects in the infrared this model may provide the solution of the
cosmological constant problem. On the other hand, the type of theories to de-
scribe the effective IR dynamics in QG maybe extended to quantum R2-gravity
[5] and to quantum supergravity [6]. Due to the fact that the effective conformal
factor model [2] maybe formulated as renormalizable theory one can calculate
the (perturbative) running of the Newtonian coupling constant in such a theory
[7]. Note that the running of cosmological and Newtonian coupling constants
also can be discussed in other renormalizable theories (GUTs in curved space-
time, R2-gravity [8]) where results of one-loop calculations of the corresponding
β-functions are available. Of course, all such considerations are closely related
with the perturbative approach to the effective action in QG.
However, if one still insists in using the non-renormalizable Einstein theory
as low-energy effective theory for QG other methods should be employed. In
particular, the use of non-perturbative RG in Wilson’s effective action approach
[9] maybe quite useful. In such an approach the non-renormalizability of the
theory is no problem since the RG equation governing the evolution of the effective
action from a scale Λ, where the theory is well defined, to a smaller scales k < Λ
can be constructed. Such a finite RG equation (or evolution equation) maybe
consistently formulated in the frame of the effective average action [10, 11, 12, 13]
(for recent discussions on related non-perturbative RG approaches see [14] and
references therein).
In a recent work [15] the scale-dependent gravitational average effective action
Γk[gµν ] has been discussed in the background field formalism. The corresponding
exact and truncated evolution equations have been derived, and a special solution
of the truncated equation has been given. The scale dependence of the cosmolog-
ical and Newtonian constants in Einstein gravity has been determined (for earlier
discussions of the average effective potential in QG see [16]). The whole study has
been done using the background harmonic gauge (Fock-De Donder gauge). It has
been found that the Newtonian coupling constant increases at large distances.
On the same time it is quite well-known that the standard effective action in
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the background field method depends on the choice of the gauge fixing condition
(for a review, see [1]). This gauge dependence is controlled by the corresponding
background Ward identities (Slavnov-Taylor identities). Moreover it is usually
assumed in quantum field theory that the effective action (if non-perturbatively
calculated) does not depend on the gauge condition at its stationary point. Of
course, in practice where only one-loop results are easily available it often happens
that the effective action even at stationary points depends on the gauge fixing.
This could lead to an apparent (or intermediate) gauge dependence also of some
physical quantities.
Similarly, in the study of effective average action with the background field
method its gauge dependence is obvious. Such a gauge dependence is controlled
by the background Ward identities again [17]. However it means that results
obtained by investigation of the evolution equation (especially in the truncated
form) necessarily should depend on the gauge choice. Hence it is interesting
to investigate this gauge dependence for a scale-dependent gravitational action
Γk[gµν ] and for the associated evolution equation.
In the present paper we discuss this question of gauge dependence for Ein-
stein gravity with cosmological constant in a class of gauges depending on some
parameter α where α = 1 corresponds to the harmonic gauge.
The paper is written as follows. In the next section, following [15], we briefly
review the scale-dependent gravitational action and derive the exact and truncated
RG equations. Section 3 is devoted to the calculation of the one-loop partition
function for Einstein QG on De Sitter background (we work in the α-parametric
class of gauges). This one-loop partition function actually defines the truncated
evolution equation. In section 4 the evolution equations for the cosmological
and gravitational constants are explicitly obtained with account of the gauge
dependence. The running of the Newtonian coupling constant is analysed in
section 5. It is shown that for some region of the gauge parameter Einstein
gravity shows antiscreening (α > −2, 73) while for other values of α it shows a
screening effect. The resolution of this unphysical gauge-depending situation is
presented in the final section.
2 Exact and Truncated Renormalization Group
Equation
We start with a short review of the average effective action formalism in QG;
mainly we follow the exposition given in [15].
First we introduce a scale-dependent modification of the generating functional
for connected Green’s functions of QG in four dimensions
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exp{Wk[ζµν , σµ, σ¯µ; βµν , τµ; g¯µν ]} =∫
Dhµν DCµDC¯µ exp{−S[g¯ + h]− Sgf [h; g¯]
−Sgh[h, C, C¯; g¯]−∆kS[h, C, C¯; g¯]− Ssource} .
(2.1)
Here we decomposed the integration variable γµν(x) being the gravitational field
into a fixed background metric g¯µν and into hµν , the small fluctuations around
this background,
γµν(x) = g¯µν(x) + hµν(x) . (2.2)
This background field method (for an introduction, see [1]) permits to replace
the integration over γ by an integration over h. Cµ and C¯µ are the ghost and
anti-ghost fields for the gravitational field, respectively.
The first term of the action, S[g¯+h], denotes the classical part being invariant
under general coordinate transformations δγ generated by the Lie derivative with
respect to an arbitrary vector field. At the moment we assume that S is positive
definite, since the functional integral makes sense only if it converges. However,
as has been argued in [15] this assumption is not necessary for the validity of the
evolution equation which we want to derive (also the use of Lorentzian metric
changes this equation only in an obvious manner).
The gauge fixing term Sgf is given by
Sgf [h; g¯] =
1
2α
∫
d4x
√
g¯ g¯µνFµFν (2.3)
with
Fµ =
√
2κFαβµ [g¯] hαβ =
√
2κ
(
δβµ g¯
αγD¯γ − 1
2
g¯αβD¯µ
)
hαβ .
We introduced here the constant κ = (32piG¯)−
1
2 where G¯ is the bare Newtonian
constant. The derivatives D¯µ are covariant with respect to the background metric
g¯µν .
By Sgh we denote the ghost action which can be written for this choice of
gauge fixing with the help of the Faddeev-Popov operator
M[γ, g¯]µν = g¯µρg¯σλD¯λ(γρνDσ + γσνDρ)− g¯ρσg¯µλD¯λ γσνDρ
as
Sgh[h, C, C¯; g¯] = −
√
2
∫
d4x
√
g¯ C¯µM[g¯ + h, g¯]µνCν . (2.4)
That part of the action introduced so far, namely S+Sgf +Sgf , is invariant under
BRST transformations which will not be specified here (see [15]).
In addition we introduced an IR cutoff for the gravitational field and for the
ghosts:
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∆kS[h, C, C¯; g¯] =
1
2
κ2
∫
d4x
√
g¯ hµνR
grav
k [g¯]
µνρσhρσ
+
√
2
∫
d4x
√
g¯ C¯µR
gh
k [g¯]C
µ .
(2.5)
Rgravk [g¯] andR
gh
k [g¯] are the cutoff operators being defined below. They discriminate
between low- and high-momentum modes. Whereas eigenmodes of −D¯2 with
eigenvalues p2 ≫ k2 are integrated out in (2.1) without suppression, modes with
eigenvalues p2 ≪ k2 are damped by a kind of momentum dependent mass term.
This ensures the renormalizibility of the theory, which is an effective one at scale
k. Both cutoff operators have the structure
Rk[g¯] = Zkk2R(0)(−D¯2/k2) . (2.6)
The dimensionless function R(0) will be chosen as (see [15, 10, 11, 12])
R(0)(u) =
u
eu − 1 , (2.7)
it interpolates smoothly between lim
u→0
R(0)(u) = 1 and lim
u→∞
R(0)(u) = 0. The
factors Zk are different for the graviton and for the ghosts. For the ghosts Zk ≡
Zghk is a pure number but for the graviton Zk ≡ Zgravk is a tensor constructed from
the background metric. In the simplest case it is (Zgravk )µνρσ = g¯µρg¯νσZgravk .
The last term in (2.1) is the source term
Ssource = −
∫
d4x
√
g¯ {ζµνhµν + σ¯µCµ + σµC¯µ
+βµνLC(g¯µν + hµν) + τµCν∂νCµ}
(2.8)
where LC denotes the Lie derivative with respect to the ghost field. Obviously,
the sources βµν and τµ couple to the BRST variations of hµν and C
µ.
Now, to obtain the effective average action Γk, we perform a Legendre trans-
formation of Wk. Therefore, let us first introduce the k -dependent classical fields
(also called mean fields)
h¯µν =
1√
g¯
δWk
δζµν
, ξµ =
1√
g¯
δWk
δσ¯µ
, ξ¯µ =
1√
g¯
δWk
δσµ
. (2.9)
Then the effective average action is obtained as
Γk[g, g¯, ξ, ξ¯; β, τ ] =
∫
d4x
√
g¯ {ζµνh¯µν + σ¯µξµ + σµξ¯µ} −Wk[ζ, σ, σ¯; β, τ ; g¯]
−∆kS[g − g¯, ξ, ξ¯; g¯] .
(2.10)
The first two terms correspond to the usual Legendre transform. By definition
the effective average action is the difference between the usual Legendre transform
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and the cutoff action ∆kS with the classical fields inserted. For k → 0 the cutoff
∆kS disappears and we get back the usual Legendre transform. In analogy to γµν
we introduced the metric
gµν(x) = g¯µν(x) + h¯µν(x) (2.11)
and we considered Γk as functional of g instead of h¯. The effective average action
Γk depends on the mean fields as well as parametrically on the sources β and
τ and on the background metric g¯. It should be noted that this functional by
virtue of the background field technique is invariant under general coordinate
transformations. In this effective average action excitations with momenta larger
than k are integrated out, while those with momenta smaller than k are suppressed
by ∆kS such that Γk describes an effective theory at scale k. In this sense the
flow of Γk with respect to k interpolates between an action containing the classical
action Γk→∞ ≡ S+Sgf+Sgh−
∫
d4x
√
g¯{βµνLξgµν+τµξν∂νξµ} ≡ S˜ and the common
effective action Γk→0 ≡ Γ.
The trajectory in the space of all action functionals can be obtained as the
solution of renormalization group equations. S enters via the initial condition
for the trajectory at some UV cutoff scale Λ: ΓΛ = S˜. While for renormalizable
theories Λ may be send to infinity at the end, for QG it is a fixed, finite scale.
Having now introduced the effective average action we derive the evolution
equation for Γk according to the procedure introduced in [10, 11, 12, 13, 15].
We take the derivative of the eq. (2.1) with respect to the renormalization group
”time” t = ln k and, after Legendre transformation, express the RHS in terms of
Γk using the relation between connected and 1PI two-point functions. Thus we
obtain the following exact evolution equation
∂tΓk =
1
2
Tr
[(
Γ
(2)
k + Rˆk
)−1
h¯h¯
(
∂tRˆk
)
h¯h¯
]
− 1
2
Tr
[{(
Γ
(2)
k + Rˆk
)−1
ξ¯ξ
−
(
Γ
(2)
k + Rˆk
)−1
ξξ¯
}(
∂tRˆk
)
ξ¯ξ
]
,
(2.12)
where Γ
(2)
k denotes the second functional derivative of Γk, e.g.((
Γ
(2)
k
)
ξξ¯
) ν
µ
(x, y) =
1√
g¯(x)
δ
δξµ(x)
(
1√
g¯(y)
δΓk
δξ¯ν(y)
)
. (2.13)
Rˆk is a matrix in the field space whose non-zero entries are(
Rˆk
)µνρσ
h¯h¯
= κ2(Rgravk [g¯])
µνρσ
(
Rˆk
)
ξ¯ξ
=
√
2Rghk [g¯] = −
(
Rˆk
)
ξξ¯
.
(2.14)
The traces in (2.12) have to be interpreted as
∫
d4x
√
g¯ ; they are convergent,
in the UV- and in the IR-region, for all cutoffs which are similar to (2.7). The
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main contributions come from the region of momenta around k, because of the
appearance of the factor ∂tRˆk; large momenta are exponentially suppressed.
Now the problem is to solve eq. (2.12). One way to find at least approximate
but still nonperturbative solutions is to truncate the space of action functionals.
This means that we work on a finite-dimensional subspace parametrised by only
a few couplings. Let us in a first step try to neglect the evolution of ghosts. This
leads us to the following ansatz
Γk[g, g¯, ξ, ξ¯; β, τ ] = Γ¯k[g] + Γˆk[g, g¯] + Sgf [g − g¯; g¯] + Sgh[g − g¯, ξ, ξ¯; g¯]
−
∫
d4x
√
g¯ {βµνLξ gµν + τµξν ∂νξµ} . (2.15)
The classical ghost and gauge fixing terms have the same functional form as for
the bare action. Also the couplings to the BRST variations do not change. The
other terms depend on g and g¯. The first term
Γ¯k[g] ≡ Γk[g, g, 0, 0; 0, 0] (2.16)
is the most interesting one, while Γˆk contains only the deviations for g¯ 6= g such
that Γˆk[g, g] = 0. This leads to the interpretation of Γˆk as describing the quantum
corrections to the gauge fixing term Sgf which also vanishes for g¯ = g.
It is easy to show that for an UV cutoff scale Λ → ∞ the action Γ¯k fulfils
the initial condition Γ¯Λ[g] = S[g] with S being the classical action. If we solve
eq. (2.12) directly and analyse the initial condition for Γk we find that ΓˆΛ = 0
must be satisfied.
This suggests to set Γˆk = 0 for all k in a second step. From the Slavnov-Taylor
identity of Γk it follows (for details see [15]) that Γˆk contains higher loop effects
such that this kind of approximation really makes sense.
Inserting ansatz (2.15) into the evolution equation (2.12) we obtain the trun-
cated evolution equation which we wanted to derive
∂tΓk[g, g¯] =
1
2
Tr
[(
κ−2Γ
(2)
k [g, g¯] +R
grav
k [g¯]
)−1
∂tR
grav
k [g¯]
]
−Tr
[(
−M[g, g¯] +Rghk [g¯]
)−1
∂tR
gh
k [g¯]
]
.
(2.17)
Here we introduced
Γk[g, g¯] = Γ¯k[g] + Sgf [g − g¯; g¯] ≃ Γk[g, g¯, 0, 0; 0, 0] (2.18)
while Γ
(2)
k is the Hessian of Γk[g, g¯] with respect to gµν at a fixed background
metric g¯µν . As a result of our ansatz the LHS of (2.17) does not contain any
contributions from the ghosts.
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3 One-Loop Quantum Gravity on the De Sitter
Background
In this section we will find the one-loop partition function for Einstein QG. The
classical action is written as
S =
1
16piG¯
∫
d4x
√
g
[−R(g) + 2λ¯] , (3.1)
where non-renormalizable Einstein gravity is considered to be valid below a UV
scale Λ. The truncation
G¯→ Gk = G¯
ZNk
, λ¯→ λ¯k, α→ α
ZNk
(3.2)
is supposed to be done. In general also α depends on k. In this case we would
have three k-depending parameters instead of two. This would lead to a more
complicated system of equations for these parameters which could be solved with
numerical methods only. For the pure Yang-Mills theory such a calculation has
been done [18]. We restrict ourselves to the case that α is a constant.
Substituting (3.2) in (2.18) we easily get [15]
Γk[g, g¯] = 2κ
2ZNk
∫
d4x
√
g
[−R(g) + 2λ¯k]
+
κ2
α
ZNk
∫
d4x
√
g¯ g¯µν
(Fαβµ gαβ) (Fρσν gρσ) .
(3.3)
For the RHS of the evolution equation we need the second functional derivative
of Γk[g, g¯]. In order to calculate it we should specify some curved background. A
useful choice is the De Sitter space which is maximally symmetric. This means
that Riemann and Ricci tensors can be written as
R¯µνρσ =
1
12
[g¯µρ g¯νσ − g¯µσ g¯νρ] R¯ ,
R¯µν =
1
4
g¯µν R¯ ,
(3.4)
where R¯ is the curvature which works as an external parameter characterising the
space. Using the decomposition
h¯µν = hˆµν +
1
4
g¯µν ϕ , g¯
µν hˆµν = 0 (3.5)
we find
Γ
(2)
k grav = 2ZNk κ
2
∫
d4x
√
g¯
{
1
2
hˆµν
[
−¯− 2λ¯k + 2
3
R¯
]
hˆµν
−1
8
ϕ
[
−¯− 2λ¯k
]
ϕ−
[
D¯νhˆµν − 1
4
D¯µϕ
]2}
,
(3.6)
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Γ
(2)
k gf = 2ZNk κ
2 1
α
∫
d4x
√
g¯
[
D¯νhˆµν − 1
4
D¯µϕ
]2
. (3.7)
However, only for the minimal choice α = 1, the non-minimal terms in the sum
of (3.6) and (3.7) cancel each other. For other choices of α we are dealing with
non-minimal operators. In order to make a heat kernel expansion with respect to
the curvature we need to work with canonical operators like △ = +m2 only.
We solve this problem making a further decomposition of the quantum fields.
Like in [19] we write
hˆµν = hˆ
⊥
µν +
(
D¯µξ
⊥
ν + D¯νξ
⊥
µ
)
+
(
D¯µD¯ν − 1
4
g¯µν¯
)
σ (3.8)
where Dµξ⊥µ = 0 and D
µhˆ⊥µν = 0. It is necessary then to define the differentially
constrained operators (ψ is an arbitrary scalar)
△0(X)ψ =
(−¯+X)ψ ,
△1µν(X)ξν⊥ = g¯µν
(−¯ +X) ξν⊥ and
△2µναβ(X)hˆ⊥µν = δµαδνβ
(−¯+X) hˆ⊥µν .
(3.9)
Note that a similar technique has been discussed in [20].
Now the one-loop partition function in the gravitational sector can be easily
calculated [1, 19, 20]
Zgrav =
∫
DhˆµνDϕ exp
[
−Γ(2)k grav − Γ(2)k gf
]
=
[
det△1
(
1
4
R¯ (2α− 1)− 2αλ¯k
)]− 1
2
[
det△2
(
2
3
R¯− 2λ¯k
)]− 1
2
·
[
det△0
(
1
2
R¯ (α− 1)− 2αλ¯k
)]− 1
2
·
[
det△0
(−2λ¯k)
]− 1
2
.
(3.10)
Here, in the course of the calculations the decomposition (3.8) is done and the
corresponding Jacobian is taken into account (for more details, see [19]).
As we see the one-loop partition function is expressed in terms of constrained
operators. However, the transition to constrained operators according to (3.8)
and (3.9) introduces additional zero modes. This leads to a wrong answer when
we expand the determinants of the constrained operators in (3.10) as powers of
the curvature using the heat kernel expansion. Therefore we will present Zgrav in
terms of unconstrained operators. It could be done using the following relations
[19]:
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det△V (X) ≡ det(−¯+X)V = det△1(X) det△0
(
X − R¯
4
)
,
det△T (X) ≡ det(−¯+X)T = det△2(X) det△1
(
X − 5
12
R¯
)
· det△0
(
X − 2
3
R¯
)
.
(3.11)
Finally, we obtain
Zgrav =
[
det△T
(
2
3
R¯− 2λ¯k
)]− 1
2
[
det△V
(
1
4
(2α− 1) R¯− 2αλ¯k
)]− 1
2
·
[
det△V
(
1
4
R¯ − 2λ¯k
)] 1
2
[
det△S
(−2λ¯k)
]− 1
2
.
(3.12)
In order to calculate the complete partition function we should also take into
account the ghost contribution. The ghost action (2.4) simplifies for the De Sitter
space and for g¯ = g (this corresponds to a special choice of the metric field) to
the standard form
Sgh = −
√
2
∫
d4x
√
g¯ C¯µ
[
−− 1
4
R
]
Cµ . (3.13)
The corresponding partition function can be easily found:
Zgh = det△V
(
−1
4
R
)
. (3.14)
The complete one-loop partition function for the Einstein QG in the gauge (2.3)
is the product of (3.12) and (3.14) where we set g¯ = g.
For the truncated evolution equation (2.17) we have to include the cutoff term
∆kS into our calculation. This means that we have to calculate Wk ≡ lnZk where
the path integral of Zk contains in addition to Γ
(2)
k grav, Γ
(2)
k gf and the ghost term
also ∆kS.
The coefficients Zgravk and Zghk have to be chosen such that the kinetic term and
the cutoff term combine to −D2 + k2R(0)(−D2/k2) for every degree of freedom.
R(0) has to be seen as a dimensionless function. Because we did not make any
decomposition of the ghosts and neglected all renormalization effects of the ghosts
we can set Zghk ≡ 1. Through the decomposition of the gravitational field into four
parts the kinetic term of every part obtained an additional factor. These factors
have to be compensated by Zgravk containing projectors on every part. Also Zgravk
is proportional to the renormalization factor ZNk.
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Then the truncated evolution equation (2.17) reads (g¯ = g)
∂tΓk[g, g] =
1
2
TrT
[
N
(
−+ 2
3
R− 2λ¯k + k2R(0)
)−1]
+
1
2
TrV
[
N
(
−+ 2α− 1
4
R − 2αλ¯k + k2R(0)
)−1]
−1
2
TrV
[
N
(
−+ 1
4
R− 2λ¯k + k2R(0)
)−1]
+
1
2
TrS
[
N
(
−− 2λ¯k + k2R(0)
)−1]
− TrV
[
N0
(
−− 1
4
R + k2R(0)
)−1]
(3.15)
with
N (z) = ∂t
[
ZNk k
2R(0)(z)
]
ZNk
, N0(z) = ∂t
[
k2R(0)(z)
]
. (3.16)
Here the variable z replaces −D2/k2.
4 Evolution Equations for Newtonian and Cos-
mological Constant
In this section we write down the renormalization group equation (2.17) for the
action (3.3). We differentiate (3.3) with respect to t, then we set g¯µν = gµν . This
corresponds to a special choice of a field theory. It follows that the gauge fixing
term Sgf vanishes such that the LHS of the renormalization group equation reads
∂tΓk[g, g] = 2κ
2
∫
d4x
√
g
[−R(g) ∂tZNk + 2 ∂t(ZNkλ¯k)] . (4.1)
Here the dependence on the gauge fixing parameter α disappears.
Now we want to find the RHS of the evolution equation. We expand the
operators in (3.15) with respect to the curvature R because we are only interested
in terms of order
∫
d4x
√
g and
∫
d4x
√
g R:
△−1i
(
bR− 2aλ¯k + k2R(0)
)
= △−1i
(−2aλ¯k + k2R(0))
− △−2i
(−2aλ¯k + k2R(0)) bR +O(R2) (4.2)
where a and b are free constants. For a more compact notation let us introduce
△˜ia(z) = △i
(−2aλ¯k + k2R(0)(z)) . (4.3)
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These steps lead then to
∂tΓk[g, g] =
1
2
TrT
[
N△˜−1T1
]
+
1
2
TrV
[
N△˜−1V α
]
− 1
2
TrV
[
N△˜−1V 1
]
+
1
2
TrS
[
N△˜−1S1
]
− TrV
[
N0△˜−1V 0
]
− R
{
1
3
TrT
[
N△˜−2T1
]
+
2α− 1
8
TrV
[
N△˜−2V α
]
−1
8
TrV
[
N△˜−2V 1
]
+
1
4
TrV
[
N0△˜−2V 0
]}
+O
(
R2
)
.
(4.4)
The terms with N0 are the contributions of the ghosts.
As a next step we evaluate the traces. We use the heat kernel expansion which
for an arbitrary function of the covariant Laplacian W (D2) reads
Trj
[
W (−D2)] = (4pi)−2 trj(I)
{
Q2[W ]
∫
d4x
√
g
+
1
6
Q1[W ]
∫
d4x
√
g R +O
(
R2
)}
;
(4.5)
by I we denote the unit matrix in the space of fields on which D2 acts. Therefore
trj(I) simply counts the number of independent degrees of freedom of the field of
sort j = T, V, S, namely
trS(I) = 1, trV (I) = 4, trT (I) = 9 .
The sort j of fields enters (4.5) via trj(I) only. Therefore we will drop the index
j of △˜ja after the evaluation of the traces in the heat kernel expansion.
The functionals Qn are the Mellin transforms of W ,
Q0[W ] = W (0)
Qn[W ] =
1
Γ(n)
∫
∞
0
dz zn−1W (z) , (n > 0) .
(4.6)
Now we have to perform the heat kernel expansion (4.5) in eq. (4.4). This leads
to a polynomial in R which is the RHS of the evolution equation. By comparison
of coefficients with the LHS of the evolution equation (4.1) we obtain in order of∫
d4x
√
g
∂t
(
ZNkλ¯k
)
=
1
8κ2
1
(4pi)2
{
6Q2
[
N△˜−11
]
+ 4Q2
[
N△˜−1α
]
− 8Q2
[
N0△˜−10
]}
(4.7)
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and in order of
∫
d4x
√
g R
∂tZNk = − 1
24κ2
1
(4pi)2
{
− 30Q2
[
N△˜−21
]
− 6 (2α− 1)Q2
[
N△˜−2α
]
− 12Q2
[
N0△˜−20
]
+ 6Q1
[
N△˜−11
]
+ 4Q1
[
N△˜−1α
]
− 8Q1
[
N0△˜−10
]}
.
(4.8)
We introduce the cutoff dependent integrals
Φpn(w) =
1
Γ(n)
∫
∞
0
dz zn−1
R(0)(z)− zR(0)′(z)
[z +R(0)(z) + w]
p
Φ˜pn(w) =
1
Γ(n)
∫
∞
0
dz zn−1
R(0)(z)
[z +R(0)(z) + w]
p
(4.9)
for n > 0. It follows that Φp0(w) = Φ˜
p
0(w) = (1 + w)
−p for n = 0. In addition we
use the fact that
N = ∂t
[
ZNk k
2R(0)(−D2/k2)]
ZNk
= [2− ηN(k)] k2R(0) + 2D2R(0)′ (4.10)
with ηN (k) = −∂t(lnZNk) = −∂t(ZNk)/ZNk being the anomalous dimension of
the operator
√
gR. Then we can rewrite the equations (4.7) and (4.8) in terms of
Φ and Φ˜. This leads to the following system of equations
∂t
(
ZNkλ¯k
)
=
1
4κ2
k4
(4pi)2
{
6Φ12
(−2λ¯k/k2)+ 4Φ12(−2αλ¯k/k2)− 8Φ12(0)
−ηN (k)
[
3 Φ˜12
(−2λ¯k/k2)+ 2 Φ˜12(−2αλ¯k/k2) ]
}
,
(4.11)
∂tZNk = − 1
12κ2
k2
(4pi)2
{
− 30Φ22
(−2λ¯k/k2)− 6(2α− 1) Φ22(−2αλ¯k/k2)
+ 6Φ11
(−2λ¯k/k2)+ 4Φ11(−2αλ¯k/k2)
− 12Φ22(0)− 8Φ11(0)
−ηN (k)
[
− 15 Φ˜22
(−2λ¯k/k2)− 3(2α− 1) Φ˜22(−2αλ¯k/k2)
+ 3 Φ˜11
(−2λ¯k/k2)+ 2 Φ˜11(−2αλ¯k/k2) ]
}
.
(4.12)
Now we introduce the dimensionless, renormalised Newtonian and cosmologi-
cal constants
gk = k
2Gk = k
2 Z−1Nk G¯, λk = k
−2 λ¯k . (4.13)
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Here Gk is the renormalised but dimensionful Newtonian constant at scale k. The
evolution equation for gk reads then
∂tgk = [2 + ηN(k)] gk . (4.14)
From (4.12) we find the anomalous dimension ηN(k)
ηN(k) = gkB1(λk) + ηN(k)gkB2(λk) (4.15)
where we used the notation
B1(λk) =
1
3pi
[
3Φ11(−2λk) + 2Φ11(−2αλk)− 4Φ11(0)
−15Φ22(−2λk)− 3 (2α− 1)Φ22(−2αλk)− 6Φ22(0)
]
B2(λk) = − 1
6pi
[
3 Φ˜11(−2λk) + 2 Φ˜11(−2αλk)
−15 Φ˜22(−2λk)− 3 (2α− 1) Φ˜22(−2αλk)
]
.
(4.16)
Solving (4.15)
ηN(k) =
gkB1(λk)
1− gkB2(λk) (4.17)
we see that the anomalous dimension ηN is a nonperturbative quantity. From
(4.11) we obtain the evolution equation for the cosmological constant
∂tλk = − [2− ηN(k)]λk + 1
2pi
gk
{
6Φ12(−2λk) + 4Φ12(−2αλk)− 8Φ12(0)
−ηN (k)
[
3 Φ˜12(−2λk) + 2 Φ˜12(−2αλk)
]} (4.18)
The equations (4.14) and (4.18) together with (4.17) give the system of differential
equations for the two k-depending constants λk and gk. If the initial values of gΛ
and λΛ are known it determines the running of these constants for k ≤ Λ. This
system contains effects of arbitrarily high orders in the perturbation theory. In
the special case α = 1 we get back the result of Reuter in [15].
5 The Running of the Newtonian constant
We will calculate now the α-dependence of the running Newtonian constant. To
do this we start from the evolution equation for the renormalised gravitational
constant
∂tGk = ηN(k)Gk (5.1)
with ηN taken from (4.17) and gk = k
2Gk = k
2G¯+O(G¯2). Let us assume that the
cosmological constant is much smaller than the IR cutoff scale, λ¯k ≪ k2. So we
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can neglect all contribution of λk in ηN to simplify the result. Then the evolution
equation has the solution
Gk = G0
[
1− σ G¯ k2]ω/σ (5.2)
with
σ = B2(0) =
3α + 1
6pi
, ω = −B1(0)
2
=
pi
36
[
36(α+ 3)
pi2
− 1
]
. (5.3)
We see that ω > 0 for α > pi
2
36
− 3 ≈ −2.73. This means the gravitation is ”anti-
screening” in such a way that Gk decreases if k increases, i. e. with increasing
distance also the Newtonian constant increases. This supports the naive picture
that the mass of a particle receives additional positive contributions from the
virtual particles surrounding it.
In addition there is a second interval for α where the antiscreening changes
to a screening effect. The coefficient σ does not play any role in the change from
antiscreening to screening. The significant influence of the running of Gk comes
from the sign of the numerator of the exponent in (5.2) which is ω. The value
α = pi
2
36
− 3 is significant for the used truncation and zeroth order in λk.
This screening behaviour is an artifact of the truncation where we used α(k) =
α = const. A better truncation would include α as k-depending parameter as it
is done in [18] for pure Yang-Mills theory. There it has been shown that α = 0
is an attracting fixed point of the truncated evolution. This is to be expected
for gravity too. From (4.12) we see that ZNk ∼ k2. As in Yang-Mills theory we
expect that α/ZNk is a constant and does not depend on k. Then also α should
tend to zero quadratically for k → 0.
To get back the result in [15] we expand (5.2) with respect to G¯k2 and obtain
Gk = G0
[
1− ω G¯ k2 +O(G¯2k4)] (5.4)
with ω given by (5.3). For α = 1 Reuters result is obtained.
In figure 1 the gravitational constant Gk is shown as function of the gauge
parameter α and the cutoff scale k. The Landau-De Witt gauge α = 0 is drawn
as a separate curve on the surface. Both regions — antiscreening and screening
region — are to perceive.
6 Discussion
In order to solve the gauge dependence problem we suggest two ways. The first
way is the use of a better truncation which includes the gauge parameter as a
function of k. As argued in the previous section α = 0 should be a stable fixed
point of the theory. It would be also interesting to use more general gauge fixing
conditions.
Alternatively it is possible to work with a generalisation of the standard effec-
tive action, the so-called gauge-fixing independent effective action (for an intro-
duction and its different forms, see [21, 1]). The gauge-fixing independent effective
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αFigure 1: The gravitational constant as function of k and α.
action leads to the same S-matrix as the standard one; but by construction it does
not depend on the choice of the gauge condition (off-shell it differs from the stan-
dard effective action). Moreover, it has been shown [22] that in Einstein gravity
on De Sitter background the one-loop standard effective action in the Landau-De
Witt gauge α = 0 coincides with the one-loop gauge-fixing independent effective
action [21].
Working with the truncated evolution equation which is very similar to the
one-loop approach one may give arguments that the truncated scale-dependent
gravitational effective action at α = 0 coincides with the gauge-fixing independent
one1. Then the physical value of ω would be given by (5.3) at α = 0 again.
As one sees the Einstein gravity looks as an antiscreening theory where the
gravitational constant increases at large distances:
G(r) = G(∞)
[
1− ω G¯~
r2c3
+O
(
G¯2
r4
)]
(6.1)
where r = k−1, (G¯/r2 ≪ 1), and the correspondence with the Newtonian potential
may be restored.
Of course, the behaviour of the gravitational coupling constant depends very
much on the type of the model one considers. For example it has a qualitatively
different form for the effective theory of the conformal factor [4, 7], for R2-gravity
[8] or for the four-dimensional dilaton gravity [4]. In the very recent calculation of
ω in [23] (see also references therein) it was also found that ω is positive. Similarly,
in α = 1 gauge [8] ω is found to be positive again.
Hence, our study of gauge dependence of truncated evolution equation in Ein-
stein gravity indicates that the gravitational coupling constant increases at large
1Note that the latter effective action is not constructed yet as complete scheme.
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distances.
There are different possibilities to extend the results of the present work. The
next problem is the calculation using an improved truncation. One can also con-
sider a more complicated theory like gauged supergravity on gravitational back-
ground, to formulate there evolution equation for scale-dependent effective action,
and to study the running of gravitational and cosmological constants. We again
will find the problem of the gauge dependence of the evolution equation. It could
be also of interest to discuss in details the cosmological applications of gravita-
tional and cosmological constants running (see [22]).
Finally, one has to note that taking into account of combined gravity-matter ef-
fects (unified in supermultiplet as in supergravities theories or just Einstein-matter
type systems) may also change the behaviour of gravitational and cosmological
couplings.
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